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Abstract
By Cld∗
F
(X), we denote the space of all closed sets in a space X (including the empty set ∅)
with the Fell topology. The subspaces of Cld∗
F
(X) consisting of all compact sets and of all finite
sets are denoted by Comp∗F (X) and Fin∗F (X), respectively. Let Q = [−1,1]ω be the Hilbert cube,
B(Q)=Q \ (−1,1)ω (the pseudo-boundary of Q) and
Qf =
{
(xi )i∈N ∈Q | xi = 0 except for finitely many i ∈N
}
.
In this paper, we prove that Cld∗F (X) is homeomorphic to (≈) Q if and only if X is a locally
compact, locally connected separable metrizable space with no compact components. Moreover,
this is equivalent to Comp∗
F
(X) ≈ B(Q). In case X is strongly countable-dimensional, this is also
equivalent to Fin∗F (X)≈Qf .
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1. Introduction
Let Cld∗(X) be the set of all closed sets in a topological space X (including the empty
set ∅). By Cld∗V (X), we denote the space Cld∗(X) equipped with the Vietoris topology
which is generated by the sets of the form
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U− = {A ∈ Cld∗(X) |A∩U = ∅} and
U+ = {A ∈ Cld∗(X) |A⊂ U},
where U is open in X. The empty set ∅ is an isolated point in Cld∗V (X). Let CldV (X) be
the space Cld(X)= Cld∗(X) \ {∅} with the Vietoris topology (i.e., the subspace topology
inherited from Cld∗V (X)). It is well-known that CldV (X) is metrizable if and only if X is
compact and metrizable (cf. [13, Theorem 3.4]). For a compact metric space X = (X,d),
the Vietoris topology of CldV (X) is induced by the Hausdorff metric dH defined as
follows:
dH (A,B)=max
{
sup
a∈A
inf
b∈B d(a, b), supb∈B
inf
a∈Ad(a, b)
}
.
The Curtis–Schori–West Hyperspace Theorem is a celebrated theorem in Infinite-
Dimensional Topology which states that CldV (X) is homeomorphic to (≈) the Hilbert
cube Q= [−1,1]ω if and only if X is a non-degenerate Peano continuum1 ([9,19]; cf. [14,
Theorem 8.4.5]).
For a non-compact space X, CldV (X) is non-metrizable, hence we have to consider
topologies different from the Vietoris topology. Let Cld∗F (X) be the space Cld∗(X)
equipped the Fell topology which is generated by the sets of the form
U− = {A ∈ Cld∗(X) |A∩U = ∅} and
(X \K)+ = {A ∈ Cld∗(X) |A∩K = ∅},
where U is an open set and K is a compact set in X. In [11], J. Fell showed that Cld∗F (X)
is always compact, and if X is locally compact then Cld∗F (X) is Hausdorff. Moreover, it
is known that Cld∗F (X) is metrizable if and only if X is locally compact and separable
metrizable [2, Theorem 5.1.5] (cf. [3, Theorem 3.4]). For X =Rn, the Fell topology plays
an important role in mathematical morphology (see [12,17,18]).2 In this paper, we first
show the following:
Theorem 1. For a Hausdorff space X, the following conditions are equivalent:
(a) X is a locally compact, locally connected, separable metrizable space with no compact
components;
(b) Cld∗F (X)≈Q;
(c) CldF (X)≈Q \ {0}.
We call s = (−1,1)ω the pseudo-interior of Q and B(Q)=Q \ s the pseudo-boundary
of Q. We denote Qf = [−1,1]ωf , where for a pointed space (M,0) we define
Mωf =
{
(xi)i∈N ∈Mω | xi = 0 except for finitely many i ∈N
}
.
For S(X)⊂ Cld(X), let S∗(X)= S(X)∪{∅} ⊂ Cld∗(X). By using subscript, the subspace
of CldV (X) or Cld∗F (X) is denoted like SV (X) or SF (X).
1 A Peano continuum is a connected and locally connected compact metrizable space.
2 In these articles, the Fell topology is called the hit-and-miss topology
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By Comp(X), we denote the set of all non-empty compacta in X. When X is compact,
Cld(X)= Comp(X) and CompF (X)= CompV (X). In caseX is non-compact, CompF (X)
is much different from CompV (X). In [5], Curtis proved that CompV (X) ≈ Q \ {0} if
and only if X is a non-compact, locally compact, connected, locally connected metrizable
space. We also show the following:
Theorem 2. For a Hausdorff space X, the following are equivalent to the conditions in
Theorem 1:
(d) (Cld∗F (X),Comp∗F (X))≈ (Q,B(Q));
(e) Comp∗F (X)≈ B(Q);
(f) CompF (X)≈ B(Q).
Let Fin(X) be the set of all non-empty finite subsets of X. In [8], Doug Curtis
and Nguyen To Nhu proved that FinV (X) ≈ Qf if and only if X is a non-degenerate
connected, locally path-connected metrizable space which is a countable union of finite-
dimensional compact sets. Moreover, they also showed that if X is a non-degenerate,
strongly countable-dimensional3 Peano continuum then(
CldV (X),FinV (X)
)≈ (Q,Qf ).
For FinF (X), we have the similar result, that is,
Theorem 3. For a Hausdorff space X, the following are equivalent:
(a’) X is a strongly countable-dimensional, locally compact, locally connected, separable
metrizable space with no compact components;
(b’) (Cld∗F (X),Fin∗F (X))≈ (Q,Qf );
(c’) Fin∗F (X)≈Qf ;
(d’) FinF (X)≈Qf .
2. The (local) connectivity and the local compactness
First of all, we show the following (cf. [14, Proposition 5.3.10]):
Proposition 1. For a locally compact Hausdorff space X, if Cld∗F (X) is locally connected,
then so is X.
Proof. Let x0 ∈ X and U an open neighborhood of x0 in X such that clU is compact.
Since Cld∗F (X) is locally connected and U− ∩ (X \ bdU)+ is a neighborhood of {x0}
in Cld∗F (X), we have a connected neighborhood W of {x0} in Cld∗F (X) such that W ⊂
U− ∩ (X \ bdU)+, that is, A ∩ U = ∅ but A ∩ bdU = ∅ for every A ∈ W . Because
3 A space X is strongly countable-dimensional if it is a countable union of finite-dimensional closed sets.
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X  x → {x} ∈ Cld∗F (X) is an embedding, {x ∈ X | {x} ∈W} is a neighborhood of x0
in X, hence V =U ∩⋃W is also a neighborhood of x in X. Thus, it suffices to show that
V is connected.
Assume that V is disconnected. Then X has disjoint open sets V0 and V1 such that
V ⊂ V0 ∪V1 ⊂U , x0 ∈ V0 and V ∩ V1 = ∅. Observe that V ∩ clVi = V ∩ Vi , i = 0,1. For
each A ∈W , A ∩ U = ∅ and A ∩ clU = A ∩U ⊂ V ⊂ V0 ∪ V1. Then, W is covered by
the following pairwise disjoint three open sets:
V −0 ∩ (X \ clV1)+, V −1 ∩ (X \ clV0)+, V −0 ∩ V −1 .
Note thatW meets V −0 ∩ (X \ clV1)+. In fact,
{x0} ∈W ∩ V −0 ∩ (X \ clV1)+.
Since V ∩ V1 = ∅, we have A ∈W such that A∩ V1 = ∅, whence
A ∈ V−1 ∩ (X \ clV0)+ or A ∈ V −0 ∩ V −1 .
Thus, W meets one of V −1 ∩ (X \ clV0)+ or V−0 ∩ V−1 . This contradicts the connectivity
ofW . Therefore, V is connected. ✷
Remark 1. In the above, Cld∗F (X) can be replaced with any subspace SF (X) of Cld∗F (X)
such that {x} ∈ S(X) for each x ∈X.
Proposition 2. For a Hausdorff space X, if Cld∗F (X) is connected, then any non-empty
open set in X is not compact.
Proof. Assume that X has a non-empty compact open set X0. Then, X−0 and (X \X0)+
are disjoint non-empty open sets in Cld∗F (X) and Cld∗F (X) = X−0 ∪ (X \ X0)+. Hence,
Cld∗F (X) is disconnected. ✷
For each i ∈N, let
Fini (X)= {A ∈ Fin(X) | cardA i}.
We do not include the empty set ∅ into Fini (X). By αX = X ∪ {∞}, we denote the
Alexandorff one-point compactification of a space X, where U is a neighborhood of ∞
in αX if clX(X \U) is compact. For S(X)⊂ Cld(X) and Y ⊂X, we define
S(X|Y )= {A ∈ S(X) |A⊃ Y}.
It is easily observed that the subspace Fin1F (X) ∪ {∅} of FinF (X) can be regarded as the
one-point compactification αX. The following is also easily proved:
Lemma 1. Let X be a Hausdorff space. For each x ∈X, Fin2F (X|{x})≈ α(X \ {x}) by the
natural homeomorphism.
Proposition 3. For a Hausdorff space X, Fin2F (X) is Hausdorff if and only if X is locally
compact.
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Proof. If X is locally compact, then Cld∗F (X) is Hausdorff by [11, Theorem 1], which
implies that the subspace Fin2F (X) is also Hausdorff. Conversely, assume that Fin2F (X) is
Hausdorff. For any x0 ∈X, α(X \ {x0})≈ Fin2F (X|{x0}) by Lemma 1. Thus, α(X \ {x0})
is Hausdorff, which implies that X \ {x0} is locally compact. Therefore, X is locally
compact. ✷
Remark 2. As mentioned in Introduction, Cld∗F (X) is metrizable if and only if X is locally
compact and separable metrizable. Here, Cld∗F (X) can be replaced with Fin2F (X) (hence
with FinF (X)). In [3], it is shown that a Hausdorff space X is separable if CldF (X) is first
countable. We have the following variant:
Proposition 4. For a Hausdorff space X, if Fin2F (X) is first countable then X has no
uncountable discrete sets.4
Proof. Let Y be a discrete set in X and y0 ∈ Y . Note that CldF (Y ) is a subspace of
CldF (X) since Y is closed in X. It follows that α(Y \ {y0}) ≈ Fin2F (Y |{y0}) is first
countable, which implies that Y \ {y0} is countable, hence so is Y . ✷
Proposition 5. For a Hausdorff space X, Fin2F (X) is metrizable if and only if X is locally
compact and separable metrizable.
Proof. If X is locally compact and separable metrizable, then Cld∗F (X) is metrizable,
hence so is the subspace FinF (X). Conversely, if FinF (X) is metrizable, then X is locally
compact by Proposition 3. Since X can be embedded into FinF (X), it is metrizable. By
Proposition 4, it is easy to see that X is separable. ✷
3. Proof of Theorem 1
If X is a connected, locally connected, locally compact metrizable space, then αX is
a Peano continuum (e.g., see the proof of [5, Lemma 3.2]). In the disconnected case, we
have the following:
Lemma 2. If X is a locally connected, locally compact separable metrizable space with
no compact components, then αX is a Peano continuum.
Proof. First, note that X is locally path-connected. Since X is open in αX, αX is locally
path-connected at each x ∈ X. To see the local path-connectivity of αX at ∞, let U be
an open neighborhood of ∞ in αX. Since αX \ U is a compact subset of X, we have
components C1, . . . ,Cn of X such that αX \ U ⊂ ⋃ni=1 Ci . Each Ci ∪ {∞} ⊂ αX is
4 It is said that Y ⊂X is discrete in X if each x ∈X has a neighborhood U such that cardU ∩ Y  1, whence
Y is closed in X.
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the one-point compactification of Ci , which is a Peano continuum. Then, ∞ has path-
connected neighborhoods Vi in Ci ∪ {∞} such that Vi ⊂U . Let
V =
n⋃
i=1
Vi ∪
(
αX \
n⋃
i=1
Ci
)
= αX \
n⋃
i=1
(Ci \ Vi).
For each x ∈ V , let Cx be the components of X containing x . If Cx = Ci for some
i = 1, . . . , n, then x is connected to ∞ in Vi by a path in Vi ⊂ V . Otherwise, x is connected
to ∞ by a path in the Peano continuum Cx ∪ {∞}, hence in V . Thus, αX is locally path-
connected at ∞.
Similarly to the above, we can show that each point of X can be connected to ∞ by a
path in αX, hence αX is path-connected. Therefore, X is a Peano continuum. ✷
Now, we can prove Theorem 1.
Proof of Theorem 1. The implication (b) ⇒ (c) is trivial. Since Cld∗F (X) and Q are the
one-point compactifications of CldF (X) and Q\ {0} respectively, we have the converse (c)
⇒ (b).
(b) ⇒ (a): Assume that Cld∗F (X)≈Q. Then, as mentioned in Introduction, X is locally
compact and separable metrizable. Moreover, by Proposition 1, X is locally connected,
hence each component of X is open. Then, it follows from Proposition 2 that X has no
compact components.
(a) ⇒ (b): By Lemma 2, the one-point compactification αX = X ∪ {∞} is a Peano
continuum. Then, CompV (αX|{∞})≈Q by [9, Theorem 5.2]. We have a bijection
ϕ : Cld∗F (X)→ CompV
(
αX|{∞})
defined by ϕ(A) = A ∪ {∞}. To see that ϕ is a homeomorphism, it suffices to show the
continuity of ϕ.
To see the continuity of ϕ, let A ∈ Cld∗F (X) and U ⊂ αX an open set in αX. If
ϕ(A) ∈U− then either A∩(U ∩X) = ∅ or U ∩{∞} = ∅. In the former case, A ∈ (U ∩X)−
and ϕ((U ∩ X)−) ⊂ U−. In the later case, ϕ(Cld∗(X)) ⊂ U−. If ϕ(A) ∈ U+ then
∞ ∈ U , hence X \ U = αX \ U is compact in X. Moreover, A ∩ (X \ U) = ∅, that is,
A ∈ (X \ (X \U))+. Furthermore, ϕ((X \ (X \U))+)⊂U+. Thus ϕ is continuous. ✷
4. Cap sets and fd-cap sets
Let W = (W,d) be a metric space. A closed set A in W is called a Z-set in W if any
map f :Q→W is arbitrarily close to maps g :Q→W \ A (cf. [14, §6.2 and §7.2]. We
call a subset M ⊂W a cap set (respectively an fd-cap set) for W if there exists a tower
M1 ⊂M2 ⊂ · · · of compact Z-sets (respectively finite-dimensional compact Z-sets) in W
with M =⋃i∈NMi which satisfies the following condition:
for each compact set (respectively finite-dimensional compact set) K ⊂W , i ∈ N and
ε > 0, there exist j > i and an embedding h :K →Mj such that h|B ∩Mi = id and h
is ε-close to id.
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To prove Theorems 2 and 3, we apply the following characterization due to Anderson [1]
(cf. [4, Introduction]):
Lemma 3. For M ⊂ W , (W,M) ≈ (Q,B(Q)) (respectively (Q,M) ≈ (Q,Qf )) if and
only if W ≈Q and M is a cap set (respectively an fd-cap set) for W .
It is said that a tower (Mi)i∈N has the deformation property in W if there exists a
deformation h :W × I → W such that h0 = id and, for each t > 0, h(W × [t,1]) is
contained in some Mi . A tower (Mi)i∈N is said to be expansive (respectively finitely
expansive) if for each i ∈ N there exist some j > i and an embedding h :Mi ×Q→Mj
(respectively h :Mi × I →Mj ) such that h(x,0)= x for every x ∈Mi . The following is
due to Curtis [6]:
Lemma 4. Let M be a countable union ofZ-sets (respectively finite-dimensionalZ-sets) in
Q. If M contains an expansive (respectively finitely expansive) tower with the deformation
property in Q, then M is a cap set (respectively an fd-cap set) for Q.
Proof. The expansive case is none other than [6, Theorem 4.8]. The finite expansive case
is a combination of [6, Theorem 4.8] and [4, Lemma 4.2]. ✷
5. Proof of Theorem 3
In the next section, we shall give a proof of Theorem 2. Here, we prove Theorem 3 first.
The following is a direct consequence of [5, Lemma 3.2 and Proposition 2.4].
Lemma 5. Every connected, locally connected, locally compact metrizable space X has
a Peano compactification X˜ with a locally non-separating remainder X˜ \ X, that is, for
every connected open subset U ⊂ X˜, U ∩X is connected.
By using this lemma, we shall prove Theorem 3.
Proof of Theorem 3. The implications (b’) ⇒ (c’) ⇒ (d’) are trivial. By Remark 1,
the implication (d’) ⇒ (a’) can be proved as same as (b) ⇒ (a) in Theorem 1. Since
X is embedded in Fin2F (X), the local compactness of X follows from Proposition 3.
The separable metrizability of FinX(X) implies the one of X. The strong countable-
dimensionality of X follows from the Subspace Theorem, that is, a subspace of a strongly
countable-dimensional metrizable space is also strongly countable-dimensional [10, 5.2.4].
(a’) ⇒ (b’): First, we consider the case X is connected. By Lemma 5, X has a Peano
compactification X˜ with a locally non-separating remainder X˜ \ X. Since X is locally
compact, it is open in X˜, hence the remainder X˜ \X is compact. Since X is σ -compact and
strongly countable-dimensional,X is a countable union of finite-dimensional compact sets.
As is shown in [7, Continuation of proof of (3.2)],X has a tower (Γi)i∈N of finite connected
graphs such that the tower (Fini (Γi))i∈N is finitely expansive and has the deformation
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property in CompV (X˜) (this is equivalent to the mapping approximation property by [6,
Theorem 4.6]).
Now, we consider the retraction
ψ : CompV
(
X˜
)→ CompV (X˜|X˜ \X)
defined by ψ(A) = A ∪ (X˜ \ X). One should note that ψ|FinV (X) is injective. Since
FinV (X) is a countable union of finite-dimensional compact sets by [8, Lemma 3.1], so
is ψ(FinV (X)). For each i ∈ N, let Mi = ψ(Fini (Γi)) ⊂ ψ(Fin(X)). Since ψ|FinV (X)
is injective, it follows that the tower (Mi)i∈N is finitely expansive. Moreover, since
ψ|CompV (X˜|X˜ \ X) = id, it is easy to see that the tower (Mi)i∈N has the deformation
property in CompV (X˜|X˜ \X).
On the other hand, we have a deformation
g : CompV
(
X˜
)× I → CompV (X˜)
such that g0 = id, A⊂ intgt (A) for each t > 0 and A ∈ Comp(X˜). Then,
g
(
CompV
(
X˜|X˜ \X)× I)⊂ CompV (X˜|X˜ \X) and
gt
(
CompV
(
X˜
))∩ψ(Fin(X))= ∅ for t > 0.
Hence, it follows thatψ(Fin(X)) is a countable union of finite-dimensional compactZ-sets
in CompV (X˜|X˜ \X). Owing to [9, Theorem 5.2], CompV (X˜|X˜ \X)≈Q. By Lemma 4,
ψ(Fin(X)) is an fd-cap set for CompV (X˜|X˜ \X). It follows from Lemma 3 that(
CompV
(
X˜|X˜ \X),ψ(Fin(X)))≈ (Q,Qf ).
By the homeomorphism ϕ similarly defined as in the proof of Theorem 1, we have(
Cld∗F (X),Fin∗F (X)
)≈ (CompV (X˜|X˜ \X),ψ(Fin(X))).
Thus, we have the result.
Now, consider the disconnected case. By the similarity, we give a proof only when X
has infinitely many components. Let X =⋃n∈NXn, where Xn’s are components of X. By
the above connected case,(
Cld∗F (Xn),Fin∗F (Xn)
)≈ (Q,Qf ) for every n ∈N.
On the other hand, we have a homeomorphism
ξ : Cld∗F (X)→
∏
n∈N
Cld∗F (Xn)
defined by ξ(A)= (A∩Xn)n∈N, whence ξ−1((An)n∈N)=⋃n∈NAn. Observe
ξ
(
Fin∗(X)
) = {(An)n∈N | ∀n ∈N, An ∈ Fin∗(Xn) and
An = ∅ except for finitely many n ∈N
}
⊂
∏
n∈N
Fin∗F (Xn)⊂
∏
n∈N
Cld∗F (Xn).
Then, it follows that (Cld∗F (X),Fin∗F (X))≈ (Qω, (Qf )ωf )≈ (Q,Qf ). ✷
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6. Proof of Theorem 2
To prove Theorem 2, we need the following lemma due to Curtis [7, Lemma 5.2]:
Lemma 6. For r, s, t ∈R \ {0}, the equation r + 2−ms = 2−nt has at most two solutions in
integers m and n.
Now, we give a proof of Theorem 2.
Proof of Theorem 2. The implications (d) ⇒ (e) ⇒ (f) are trivial. By Remark 1, the
implication (f) ⇒ (a) can be proved as same as (b) ⇒ (a) in Theorem 1. It remains to show
the implication (a) ⇒ (d).
(a) ⇒ (d): The strategy of our proof is the same as Theorem 3 (a’) ⇒ (b’). At first, we
assume that X is connected. In the proof of Theorem 3, consider ψ(Comp(X)) instead of
ψ(Fin(X)). Note that ψ|CompV (X) is still injective, hence ψ(Comp(X)) is σ -compact.
Observe that
gt
(
CompV
(
X˜
))∩ψ(Comp(X))= ∅ for t > 0.
Then, it follows that ψ(Comp(X)) is a countable union of compactZ-sets in Comp(X˜|X˜ \
X). By the homeomorphism ϕ, we have(
CldF (X),CompF (X)
)≈ (CompV (X˜|X˜ \X),ψ(Comp(X))).
If we could show that ψ(Comp(X)) contains an expansive tower with the deformation
property in CompV (X˜|X˜ \X), then the result would follow from Lemma 4.
Since X˜ \ X is locally non-separating, it is easy to construct an arc α : I → X˜
with α−1(X) = (0,1]. Choose a decreasing sequence 12  s1 > s2 > · · · > 0 so that
α([0,2si])∩ Γi = ∅, where Γi is the same as in the proof of Theorem 3. Now, we define a
tower N1 ⊂N2 ⊂ · · · ⊂ψ(Comp(X)) as follows:
Ni =
{
C ∪ F ∪ (X˜ \X) | C ∈ Comp(Γi), F ∈ Fini(α((0, si]))}.
Then, each Ni contains Mi defined in the proof of Theorem 3. Since the tower (Mi)i∈N
has the deformation property in Comp(X˜|X˜ \X), the tower (Ni)i∈N has also this property.
Moreover, as is easily observed,
Ni ≈ CompV (Γi)× FiniV
([0, si]|{0})≈Q× FiniV ([0, si]|{0}),
where FiniV ([0, si]|{0}) is an AR because there is the retraction
r : FiniV
([0, si])→ FiniV ([0, si]|{0})
defined by r(A) = A − minA and FiniV ([0, si]) is an AR by [15, Corollary 2.3].
By Edwards’ Theorem [14, Theorem 7.8.1], it follows that Ni ≈ Q. Then, by Z-Set
Unknotting Theorem [14, Theorem 7.4.9], we have a homeomorphism h :Ni × Q →
Ni × I such that h(A,0) = (A,0) for each A ∈ Ni . Therefore, if the tower (Ni)i∈N is
finitely expansive then it is expansive.
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We define a map θ :Ni × I →N(2i+1)i as follows:
θ
(
C ∪F ∪ (X˜ \X), t)= C ∪ ⋃
s∈α−1(F )
2i+1⋃
k=1
α
(
s + 2−ksi t
)
,
where C ∈ CompV (Γi) and F ∈ Fini (α((0, si ])). Since θ(A,0) = A for each A ∈ Ni , it
remains to show that θ is an embedding. Let C,C′ ∈ CompV (Γi), F,F ′ ∈ Fini (α((0, si ]))
and t, t ′ ∈ I . When C = C′, it easily follows that
θ
(
C ∪F ∪ (X˜ \X), t) = θ(C′ ∪ F ′ ∪ (X˜ \X), t ′) for any t, t ′ ∈ I .
When F = F ′, to see this, it suffices to show{
s + 2−ksi t | s ∈ α−1(F ), k = 1, . . . ,2i + 1
}
= {s + 2−ksi t ′ | s ∈ α−1(F ), k = 1, . . . ,2i + 1}.
The case t = t ′ = 0 is trivial. If t > t ′ = 0, then
card
{
s + 2−ksi t | s ∈ α−1(F ), k = 1, . . . ,2i + 1
}
> 2i and
card
{
s + 2−ksi t ′ | s ∈ α−1(F ), k = 1, . . . ,2i + 1
}
 i.
The case t ′ > t = 0 is the same. For t, t ′ > 0, we may assume without loss of generality
that F ′ \ F = ∅. Let s0 ∈ α−1(F ′ \F). Then,
card
{
s0 + 2−ksi t | k = 1, . . . ,2i + 1
}= 2i + 1.
However, by Lemma 6, it follows that
card
{
s0 + 2−ksi t | k = 1, . . . ,2i + 1
}
∩ {s + 2−ksi t ′ | s ∈ α−1(F ′), k = 1, . . . ,2i + 1}
 2 cardα−1
(
F ′
)
 2i.
When C = C′ and F = F ′ but t = t ′, let s0 =maxα−1(F )=maxα−1(F ′). Since
max
{
s + 2−ksi t | s ∈ α−1(F ), k = 1, . . . ,2i + 1
}
= s0 + 2−2i−1si t = s0 + 2−2i−1si t ′
= max{s + 2−ksi t ′ | s ∈ α−1(F ), k = 1, . . . ,2i + 1},
it follows that
θ
(
C ∪F ∪ (X˜ \X), t) = θ(C′ ∪ F ′ ∪ (X˜ \X), t ′).
Thus, θ is an embedding.
The disconnected case is also obtained by making small changes in the proof of
Theorem 3. In the disconnected case of the proof, by considering Comp∗F (Xn), it follows
from the connected case that(
Cld∗F (Xn),Comp∗F (Xn)
)≈ (Q,B(Q)) for every n ∈N.
Moreover, we have
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ξ
(
Comp∗(X)
) = {(An)n∈N | ∀n ∈N, An ∈ Comp∗(Xn) and
An = ∅ except for finitely many n ∈N
}
⊂
∏
n∈N
Comp∗F (Xn)⊂
∏
n∈N
Cld∗F (Xn).
Then, it follows that (Cld∗F (X),Comp∗F (X)) ≈ (Qω,B(Q)ωf ). It is well-known and
easily shown by using Lemma 2 that (Q,B(Q)) ≈ (Qω,Qωf ), hence (Qω,B(Q)ωf ) ≈
((Qω)ω, (Qωf )
ω
f )≈ ((Qω,Qωf )≈ (Q,B(Q)). Thus, the disconnected case is proved. ✷
7. Problems
It is natural to consider the triple (Cld∗F (X),Comp∗F (X),Fin∗F (X)). Let
Σ = {(xi)i∈N ∈ s | supi∈N |xi |< 1} and σ = (−1,1)ωf ,
where Σ is called the radial interior of Q. Then, (Q,Σ) ≈ (Q,B(Q)) and (Q,σ) ≈
(Q,Qf ) (cf. [4]). By using the characterization in [16], we can easily obtain
(Q,Σ,σ)≈ (Qω,Qωf , (Qf )ωf )≈ (Qω, (Qf )ω, (Qf )ωf )≈ etc.
Problem 1. Under the condition (a’) in Theorem 3,(
Cld∗F (X),Comp∗F (X),Fin∗F (X)
)≈ (Q,Σ,σ)?
When X =Rn, does the above hold?
By Conn(X), we denote the set of all non-empty connected closed sets in X. Let
Cont(X) = Conn(X) ∩ Comp(X), the set of all non-empty continua in X. For a Peano
continuum X, if X has no free arcs, then ConnV (X) = ContV (X) ≈Q. One should note
that Conn∗F (X) is non-compact in general. For example, for each i ∈N, let
Ai = ∂
([−i, i] × I)= [−i, i] × {0,1} ∪ {−i, i} × [0,1] ∈ Conn (R2).
In the space Cld∗F (R2), Ai converges to the disconnected set R× {0,1}.
Problem 2. What are the spaces ConnF (X) and ContF (X)?
References
[1] R.D. Anderson, On sigma-compact subsets of infinite-dimensional spaces, Unpublished monograph.
[2] G. Beer, Topologies on Closed and Closed Convex Sets, Kluwer Academic, Dordrecht, 1993.
[3] G. Beer, On the Fell topology, Set-Valued Anal. 1 (1993) 69–80.
[4] T.A. Chapman, Dense sigma-compact subsets of infinite-dimensional manifolds, Trans. Amer. Math.
Soc. 154 (1971) 399–426.
[5] D.W. Curtis, Hyperspaces of noncompact metric spaces, Compositio Math. 40 (1980) 139–152.
[6] D.W. Curtis, Boundary sets in the Hilbert cube, Topology Appl. 20 (1985) 201–221.
[7] D.W. Curtis, Hyperspaces of finite subsets as boundary sets, Topology Appl. 22 (1986) 97–107.
342 K. Sakai, Z. Yang / Topology and its Applications 127 (2003) 331–342
[8] D. Curtis, Nguyen To Nhu, Hyperspaces of finite subsets which are homeomorphic to ℵ0-dimensional linear
metric spaces, Topology Appl. 19 (1985) 251–260.
[9] D.W. Curtis, R.M. Schori, Hyperspaces of Peano continua are Hilbert cubes, Fund. Math. 101 (1978) 19–38.
[10] R. Engelking, Theory of Dimensions, Finite and Infinite, in: SSPM, Vol. 10, Heldermann, Lemgo, 1995.
[11] J.M.G. Fell, A Hausdorff topology for the closed subsets of a locally compact non-Hausdorff space, Proc.
Amer. Math. Soc. 13 (1962) 472–476.
[12] Z. Gao, Z. Yang, Y. Yasui, The continuity of operators in pattern morphology, Sci. Math. Japon. 55 (2002)
563–566.
[13] A. Illanes, S.B. Nadler Jr, Hyperspaces, Fundamental and Recent Advances, in: Pure Appl. Math., Vol. 216,
Marcel Dekker, New York, 1999.
[14] J. van Mill, Infinite-Dimensional Topology, Prerequisites and Introduction, in: North-Holland Math. Library,
Vol. 43, Elsevier, Amsterdam, 1989.
[15] Nguyen To Nhu, Investigating the ANR-property of metric spaces, Fund. Math. 124 (1984) 244–254.
[16] K. Sakai, R.Y. Wong, On infinite-dimensional manifold triples, Trans. Amer. Math. Soc. 318 (1990) 545–
555.
[17] J. Serra, Introduction to mathematical morphology, Comput. Vision Graphics Image Process 35 (1986) 283–
305.
[18] J. Serra, Image Analysis and Mathematical Morphology, Academic Press, London, 1982.
[19] M. Wojdysławski, Rétractes absoulus et hyperespaces des continus, Fund. Math. 32 (1939) 184–192.
